Motivated by the industry cases, we model the advertising competition between the dominant service provider and small service providers in one service market, where the dominant service provider has a major market share and the other small service providers share the remainder of market equally. Based on this setting, we discuss three advertising game models, that is, cooperative game, Boxed Pig game, and Prisoner's game, derive the conditions for different advertising games, and characterize their equilibria. To be specific, it is found that the advertising spillover and the number of the small service providers directly determines the advertising game equilibria, while other market parameters, to some extent, can affect the results of the advertising game equilibria. According to our theoretical findings, some management insights and suggestions are given from both the academic and practical perspectives.
Introduction
When you watch TV, listen to radio, read newspapers and magazines, or just surf on the internet, various kinds of exquisite advertisements immediately appear into your eyes. They compete to deliver a claim to customers that "buy me, you deserve!" Undoubtedly, advertising plays an important role in the product sales [1] , as well as in enhancing customers' stickiness to the objective brand [2] . In the homogenization of service market, in order to be differentiated from other competitors, many service providers spend heavily on advertising; hoping to obtain special favor of consumers through constructing brand of company, advertising has been becoming a major strategy of nonprice competitions [3] . In general, service providers use two kinds of advertising to promote sales and to strengthen their brands, namely, generic advertising and brand advertising. The effect of generic advertising is to increase category sales while not mentioning the sponsoring brand. In contrast, brand advertising aims to gain market share by providing information about brand's value to consumers [4, 5] .
Service providers adopt different advertising strategies in different market structures: a monopolistic service provider chooses the optimal advertising from its own perspective; in the oligopolistic market, however, service providers cannot achieve the expected objectives if they only consider their own advertising decisions. In order to ensure market shares and strengthen market positions, service providers, in this oligopolistic market, must take into account other service providers' advertising strategies. For example, China Life Insurance Co., Ltd. is a famous insurance company, which provides a variety of insurance products to customers and once occupied most of the shares of insurance market. However, with the powerful competitors such as Ping An Insurance company of China, Ltd. and Tai Kang Life Insurance Co., Ltd. entering into the insurance market, China Life Insurance Co., Ltd. has to adjust the marketing strategy and pay more attention on strengthening brand image in advertising, which aims to consolidate the market share in the fierce competition.
Furthermore, service providers' advertising strategies are also influenced by their upstream suppliers. In order to obtain the spillover effects of advertisings, the upstream suppliers always induce downstream service providers to invest more on advertising. For instance, the suppliers can offer subsidies to incentivize the downstream service providers to advertise more, in order to improve the overall channel profits and competitive advantages.
In this paper, we try to answer the following research questions about the advertising investment issues under a competitive market environment. How should service providers decide the optimal advertising investment in a competitive environment? If one service provider acts a dominate player in the market, should it invest in advertising first or wait the small service providers to advertise? As for a small service provider, what strategy should it adopt, advertising or waiting? And what is the most efficient strategy for the whole market?
The remainder of this paper is organized as follows. In Section 2, we review the related literature. Section 3 describes the problem and presents the advertising game models. The analysis of the game models is given in Section 4. Finally, we conclude the paper in Section 5.
Literature Review
There are mostly three areas of research relevant to our work: first, duopolistic advertising, second competitive game models on advertising, and third cooperative game models of advertising.
A stream of the literature has used game theoretical models to study the advertising investment issue in a duopoly setting. Espinosa & Mariel [6] find that, for the informative advertising competition, the outcomes from advertising are closer to the collusive outcomes in a feedback equilibrium. But in the case of predatory advertising, they find that expenditures are inefficiently high in a feedback equilibrium and the open-loop solution is more efficient. Prasad & Sethi [7] analyze the optimal advertising spending in a duopolistic market, develop a differential advertising game, in which the retailers' dynamic behavior is based on the Sethi stochastic advertising model and Lanchester combat model, and derive the closed-loop Nash equilibrium for symmetric and asymmetric competitors. Consistent with previous studies, Bass et al. [8] suggest that in a dynamic duopoly, generic advertising is more important than brand advertising for the long-run market shares, but in the short-term period, brand advertising is effective and market potential saturation leads to a decline in generic advertising over time.
However, little attention has been paid to advertising competition in an oligopolistic market setting, which is more common in practice. In addition, most of existing studies are based on the differential game theory, which only covers the dynamics features in advertising competition [9] . More research methods on advertising competition should be adopted to investigate other features of advertising competition, in particular, other game theories in the oligopoly market. Some recent literature has put effort to fill this gap. Brady [10] uses the Cournot game model to discuss the retailers' optimal advertising decisions, and the simulation analysis shows that small changes in model parameters can significantly influence the retailers' advertising behavior. Viscolani [11] suggests that two retailers, producing substituting products in the homogenization market, advertise to influence the product demand and interfere negatively with each other. He derives the pure-strategy Nash equilibrium and analyzes its characteristics in an advertising game. Nevertheless, these studies still concentrate on the duopoly market setting. Considering an oligopolistic market with multiple retailers who sell and advertise for a homogenous product, Norman et al. [12] find that the advertising intensity is related to the market concentration but make no discussion on the issue how retailers of different size make their optimal advertising decisions in the oligopolistic market.
Another stream of the related literature is on the cooperative advertising in the vertical supply chains. For instance, He et al. [13] use a differential Stackelberg game model to investigate the cooperative advertising between the manufacturers and retailers in the supply chain. He compares the advertising and pricing decisions in between the vertical integrated channel and coordinated channel. Seyedesfahani et al. [14] discuss three vertical noncooperative advertising games, including Nash, Stackelberg, and a cooperative game. They find that in the cooperative game, manufacturers and retailers can obtain the largest profits. However, none of the existing literature considers how the cooperative advertising in the supply chain level affects the advertising competition in the downstream market. Our paper contributes to this literature by considering the cooperation between the service providers. Moreover, few studies have investigated repeated competition game in the advertising competition.
In this paper, we construct the advertising models between the dominant service providers and small service providers in a market, discuss three advertising game models, that is, cooperative game, Boxed Pig game and Prisoner's game (in Boxed Pig game, a big, dominant pig and a little, weaker pig are locked into a Skinner box. At one end is a food dispenser. Ten units of food/energy are dispensed when a panel at the other end of the box is pressed. The pigs must each decide whether to wait by the food dispenser or to expend 2 units of energy to press the panel and run to the food. The big pig can run faster and eat faster than the little pig, so the little pig knows it will do better if it gets to the dispenser before the big pig. The pigs' actions are simultaneous, so the pigs must predict each other's strategy and then decide on their own best strategy. For more details, please refer to Rasmussen (1989) and in a conventional version of the game, two prisoners are interrogated separately about a bank robbery. If one confesses to the robbery and the other does not, the one who confesses is released, and the other receives a stiff sentence. If both confess, they receive moderate sentences. If neither confesses, they receive mild sentences for a lesser crime. Each player follows a dominant strategy, which is a strategy that is the player's best response, the one with the highest payoff, not matter what strategy the other player chooses. Assuming at atmosphere of distrust and competition, the dominant strategy equilibrium of the game is for both prisoners to confess, even though the Pareto superior outcome, the one in which neither party can be made better off, is, for both to keep quiet. For more details, please refer to Mudambi (1996) ) and derive the conditions for different advertising games and their equilibrium, respectively. The main contributions of this paper are summarized as follows. First of all, the paper considers the advertising competitions among service providers and divides them into two types according to the service providers' size. Besides, this paper also considers the advertising subsidies from upstream service providers to downstream service providers affecting the competitions in the oligopolistic market.
Model Developments

Problem Descriptions and Notations.
We consider a competitive market consisting of + 1 risk-neutral service providers, among which a dominant service provider (denoted by for short) has a majority market share , and the other small service providers share the remaining market share 1 − equally. Each service provider's market share is denoted by ( = 1, 2, . . . , ), and ≫ , +∑ =1 = 1. The dominant service provider and small service providers play advertising investment games. We take the large service provider and one classical small service provider as examples to analyze the service providers' advertising strategies.
We model the problem as a Nash game between service providers and . Service provider (or ) can decide to advertise with probability (or ) or to wait with probability 1 − (or 1 − ). And it is assumed that the other − 1 small service providers act in the same way where they do not invest in advertising and wait service providers or to provide advertising. Here, the wait strategy means that the service provider does not invest in advertising and wait other service providers to provide advertising. The other − 1 small service providers can share the advertising effects of service provider and , which is consistent with real cases, and this is so-called "spillover effect. " (Spillover effect refers to the extent to which information provided in messages changes beliefs about attributes that are not mentioned in the messages [15] .) We assume that is advertising spillover rate, and = (0 < < 1). Based on the service providers and ' different choice of advertising strategies, cooperative advertising and waiting, the service providers' decision pairs can be divided into four cases.
Case 1 (cooperative advertising). The total investment on advertising is (including labor, material, and technique), where is for the service provider and for the service provider , where + = 1. We assume service provider has more advertising resources and will invest more on advertisement. To capture this feature, we denote ( > 1) to be the resource coefficient such that = . Letting denote the effect of cooperative advertising, where > 1, the revenue stemmings from the cooperative advertising are 1 = and 1 = .
Case 2 (service provider advertises, but service provider waits). Service provider 's advertising investment is , the advertising effects coefficient is , the total revenue from service provider 's advertising is 2 = . Case 3 (service provider advertises, but service provider waits). Retail 's advertising investment is , advertising effects coefficient is , the total revenue is 3 = , and > > .
Case 4 (noncooperative advertising (Prisoner's dilemma)). Both service provider and service provider choose to wait, and the payoff is 4 = 0, = , .
Because of the advertising spillover problem, the service provider who offers advertising cannot obtain the whole advertising effect. Therefore, in order to cultivate the service providers to advertise, the supplier offers a subsidy rate to the service provider who invests on advertising for his products, so that the total subsidy amount is . (In this paper, we do not consider the supplier's decisions and his revenue, we mainly study the impact of the subsidy on both service providers' decisions. For the subsidy on the revenue, in fact, it is related to the advertising investment indirectly, because the revenue is a function of advertising investment. It is noted that this setting can solve the subsidy difference between the service providers and using one subsidy rate.) Suppose the subsidy rate is the same for different advertising effects. Throughout the paper, we use he and she to indicate service providers and , respectively.
Advertising Game Models.
In the previously mentioned settings, we can construct the payoff matrix of service providers and as shown in Table 1 . Obviously, the other small service providers act in the same way as service provider .
Based on the previously mentioned analysis, we obtain the service providers and ' payoff functions as follows. Case 1. Both service providers and choose to invest in advertising.
Both service providers and ' payoff functions are given as follows:
where the first term in (1) is service provider 's revenue from the advertising strategy, the second term is the advertising expenses, and the third term is the subsidy from the supplier. Similarly, (2) indicates service provider 's payoff function.
With the same logic, in Case 2, service providers and ' payoff functions are given as follows:
where the first term in (3) is service provider 's revenue from the advertising strategy, the second term is the advertising expenses, and the third term is the subsidy from the supplier. In (4), since service provider chooses to wait, instead of offering advertisement, there is no cost incurred on advertising. In Case 3, service providers and ' payoff functions are given as follows:
where the term ( / ) indicates the advertising spillover rate that service provider obtains from service provider 's advertising and ( > 1) is the service provider 's spillover factor. In this case, service provider chooses to wait and the small service provider chooses to offer advertisement. In Case 4, no service provider chooses to offer advertisement; thus the service providers' payoff functions are
Since both service providers choose to wait, there is no revenue generated. This leads to a well-known game resultPrisoner's dilemma.
Game Model Analysis
In this section, we will analyze the equilibrium of cooperative game and Boxed Pig game and then further study the deterioration of the Boxed Pig game.
Cooperative Equilibrium.
In this advertising game, service provider has complete information on his own and incomplete information on service provider . Service provider 's payoff difference between advertising and waiting strategy is Δ , and whether he chooses to advertise or not lies on his expected payoff differences.
According to the analysis in Section 4.1, his payoff difference is Δ = 
Since = and Δ ≥ 0, the sufficient and necessary conditions for service provider to choose to advertise are
respectively. Service provider 's payoff difference between advertising and waiting strategy is Δ . For service provider , the sufficient and necessary condition for her to choose the cooperative advertising strategy is
Substituting the previously mentioned state probability condition into Δ , we obtain
In a similar way, since = and Δ ≥ 0, we can derive that the sufficient and necessary conditions for service provider to choose the cooperative advertising strategy are
With the previous analytical results, we can derive the following theorem. Considering that both service providers and have the same cooperation preferences; that is, the probabilities of cooperative advertising strategy are the same for service Mathematical Problems in Engineering 5 providers and ( = ) and given the advertising spillover rate , the subsidy , and the advertising effect of service provider , we can derive the following conditions for service provider and to cooperate on advertising:
Under the previously mentioned conditions, the binding constraint conditions for service provider and are
The equilibrium of both service providers choosing the cooperative advertising strategies is the most efficient state. As long as the condition (1 − ) ≥ 1 holds, Δ = 1 + 1 − ( 2 + 2 ) ≥ 0. This result indicates that the efficiency of the cooperative advertising strategy equilibrium is no less than that in Boxed Pig game.
The previously mentioned analysis also indicates that when the advertising spillover rate is not very large, the subsidy parameter and the discount rate are larger; the cooperative advertising strategy will be the equilibrium outcome.
Equilibrium of Boxed Pig Game and Deterioration. Boxed
Pig game cannot attain the Pareto optimality, but the equilibrium is still more efficient compared to that of Prisoner's dilemma. In the following, we aim to analyze the equilibrium conditions of Boxed Pig game and how it deteriorates into Prisoner's dilemma game.
Suppose that both service providers and have the same willingness of cooperative advertising strategy, that is, = ; thus in certain condition of the spillover rate , the subsidy parameter and the advertising effect of service provider , we can derive the following conditions in which only one service provider chooses to offer advertisement, but the other service providers will choose to wait and reap the payoff:
More specifically, the previously mentioned conditions can be rewritten as
By the previously mentioned analytical results, we can easily obtain the conditions in which Boxed Pig game deteriorates into Prisoner's dilemma equilibrium, that is, (waiting, waiting):
In the previous conditions, either service provider chooses to wait the other service provider to offer advertisement; however, neither service provider chooses to offer advertisement eventually.
Analyses on Equilibrium of Cooperative Game and Boxed
Pig Game. The advertising strategy equilibrium depends on the values of , , , , , and . Next, we will employ the comparative static analysis to discuss factors relevant to and , such as the subsidy , the advertising effects parameters , , and , the resource power , and the discount factor .
With respect to (9) and (12), taking first-order derivatives of , , , and on , respectively, we have,
The previous results show that first-order derivatives on the subsidy are bigger than zero, which implies that the spillover rate both service providers can tolerate and the number of small service providers are increasing with respect to the subsidy from the supplier. In other words, with the subsidy increases, both service providers and have larger spillover rates and prefer to offer advertisement. Then, we obtain Proposition 2 as follows.
Proposition 2.
The more the subsidy ( ) from the supplier is, the more both service providers prefer to choose to offer advertisement.
This proposition has an implication that the subsidy from the supplier makes both service providers able to tolerate a larger spillover rate and the number of the small service providers, because both service providers can compensate this loss stolen by the small service providers with the subsidy.
With respect to (9) and (12), taking first-order derivatives of , ,
, and on and , respectively, we have
The previous results show that with the advertising effects increase, service providers and prefer to cooperate on advertising more. No fairness preferences are considered, both service providers maximize their payoff. Then, we can obtain Proposition 3 as follows. This proposition implies that the advertising effect makes both service providers tolerate a market with a large spillover rate and where a number of the small service providers freeride, because both service providers can obtain more payoff from the advertising strategy.
With respect to (9) and (12), taking first-order derivatives of , on , and , on , respectively, we obtain the following results:
The previous results show that the first-order partial derivatives are less than 0. This finding means that when service provider knows that service provider has a higher advertising effect, service provider will choose to wait, because service provider will offer advertisement to maximize his payoff, and vice versa. On the other hand, this easily tends towards a Boxed Pig game, where the service provider with less advertising effect will wait for service providers with more advertising effect to offer advertisement, so that he could share the advertising spillover effects. We obtain the following proposition. The results are in accord with real cases: if one service provider has more advertising resource, the other service provider would prefer to believe that the service provider who has more advertising resource will offer advertisement; as a result, this service provider will choose to wait for the advertising spillover. Theoretically, when his rival has a more advertising effect, the service provider can tolerate a smaller advertising spillover rate and the number of the small service provider , and vice versa.
, and on , we obtain that
The previous conditions indicate that given service provider 's advertising investment, the more the service provider invests, the less the number of the service providers and the spillover rate that service provider can tolerate. This proposition shows that when the service provider 's advertising resource affects service provider and ' tolerance of the advertising spillover rate and the number of the small service provider in the market simultaneously, and with the advertising resource increases, service provider can tolerate a market with a larger advertising spillover; however, service provider can obtain fewer payoff; then she will choose to wait service provider to offer advertisement.
With respect to (9) and (12), taking the first-order derivative of and on , we obtain < 0, < 0.
This result shows that given his advertising resource, in order to obtain more revenue from the advertising, service provider has to reduce the influencing factor of advertising spillover and lessen small service providers he can tolerate in the market. , advertising) , the larger the spillover rate of service provider can obtain from the advertising is, the smaller the advertising spillover rate and the number of the small service providers service provider can tolerate. Let 1 = 2 and > 1, where denotes the comparison of advertising resource between service providers and . A larger comparison ratio means a larger advertising resource difference between service providers and .
Proposition 6. At equilibrium (waiting
Combing 1 = 2 into (9) and (12) and taking the firstorder derivatives of and on , we can obtain that
From the previous conditions, we can derive the following proposition. This proposition indicates that if the advertising can bring more revenues to service providers in the market, more service providers choose to cooperate on advertising, not only the dominate service provider , but also the follower service providers.
Moreover, when the dominant service provider can obtain more revenue from the advertising that small service providers, that is, a larger , service provider will choose to offer advertisement, no matter whether the small service provider responses.
Conclusions and Future Research
Motivated by the industry case given in the introduction section, we constructed the advertising models between the dominant service provider and small service providers in a market. In our model, the dominant service provider has a major market share, while small service providers have the remaining market share. Based on this setting, we discussed three advertising game models (i.e., cooperative game, Boxed Pig game, and Prisoner's game) and characterized the conditions for different advertising games and their equilibria, respectively. To be specific, it is found that the advertising spillover and the number of the small service providers directly determines the advertising game equilibria, and other market parameters, to some extent, can also affect the results of the advertising game equilibria as well.
According to our theoretical findings, we make the following suggestions on choices of the advertising strategies for the supplier, the dominate service provider and small service providers. For service providers, first of all, they can realize resource complementarities and achieve the advertising synergy effects through a cooperative advertising. On the contrary, non-cooperative advertising is not a wise alternative, because the spillover effect can improve service provider's short-term profits at the expense of the long-term profits. Therefore, service providers should cooperate with each other in order to achieve long-term and whole supply chain revenue instead of free ride.
For suppliers, first, the larger the number of small service provider is, the higher the probability for small service providers choosing to wait is. Therefore, it is necessary to reduce the number of service providers in the market in order to promote downstream service providers to cooperate on advertising. Second, suppliers should consider the type of service providers and offer different subsidies to the dominant service provider and small service providers. Finally, suppliers should foster relatively large service providers because large service providers tend to offer advertisement actively, and large service provider can signal advertising strategy to small service providers to cooperate with them.
This analysis can be extended in several directions. In practice, the service quality is the basic condition for the service providers to invest more in advertising; then a research on service quality is an interesting question in future [16] . The supplier and service providers cooperate and compete on advertising in many different forms. A subsidy between the supplier and service providers is only one of them. Thus, a more comprehensive investigation of interaction between the supplier and service providers would be a promising research direction. Furthermore, we only consider an advertising decision on whether to offer an advertisement or not in our current model. However, why and how to offer advertisement are not covered. It would be interesting to further analyze the specific advertising strategies of different service providers.
